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INTEGRABLE CLUSTERS
ARKADY BERENSTEIN, JACOB GREENSTEIN, AND DAVID KAZHDAN
Abstract. The goal of this note is to study quantum clusters in which cluster variables (not coefficients) commute
which each other. It turns out that this property is preserved by mutations. Remarkably, this is equivalent to the
celebrated sign coherence conjecture recently proved by M. Gross, P. Hacking, S. Keel and M. Kontsevich in [6].
1. Main results
Let B˜ be an integer m×n matrix, n ≤ m, and let Λ = (λij)1≤i,j≤m be a rational skew-symmetric m×m-matrix
compatible with B˜ in the sense of [3], that is
(1.1) B˜TΛ =
(
D 0
)
where D is a rational invertible diagonal n × n-matrix. This defines, on the one hand, a seed Σ = (x, B˜), x =
(x1, . . . , xm) and the upper cluster algebra U = U(Σ) ⊂ Lm = Q[x
±1
1 , . . . , x
±1
m ] and, on the other hand, the Poisson
algebra structure on Lm via {xi, xj}Λ = λijxixj , 1 ≤ i, j ≤ m so that U is a Poisson subalgebra of Lm. This in
turn defines a Poisson scheme X such that for any field extension F of Q, XF = Spec(U ⊗Q F).
We say that the seed Σ = (x, B˜) is integrable if {xi, xj}Λ = 0 for all 1 ≤ i, j ≤ n for some Λ compatible with B˜.
It is easy to show (Lemma 2.4) that if Σ is principal (see Section 2) then it is integrable and the matrix Λ is
uniquely determined by B˜ and D. We say that Σ is completely integrable if Σ and all its mutations are integrable.
This definition is justified by the following observation. Let m = 2n and assume that Σ is integrable and that Λ is
invertible, i.e., {·, ·}Λ is a symplectic bracket. Then for any H ∈ Q[x1, . . . , xn] \ {0} the triple (U , {·, ·}Λ, H) is an
integrable system with Hamiltonian H ; the natural map πΣ : X → A
n is a Lagrangian fibration (see [1]).
Theorem 1.1. Every principal seed is completely integrable.
Corollary 1.2. For any seed Σ′ = (y, B˜′), y = (y1, . . . , ym), mutation equivalent to a principal integrable seed Σ,
the natural inclusion k[y1, . . . , yn] ⊂ U(Σ
′) = U defines a Lagrangian fibration πΣ′ : X → A
n.
This gives rise to the following natural problem.
Problem 1.3. Given mutation equivalent integrable seeds Σ, Σ′, describe the intersection π−1Σ (c) ∩ π
−1
Σ′ (c
′) for
generic points c, c′ ∈ An and determine for which Σ, Σ′ this intersection is transversal.
It turns out that classical results carry over verbatim to the quantum case. We say that a quantum seed
Σ = (X, B˜), whereX = (X1, . . . , Xm) and B˜ is anm×n integer matrix (see Section 2), is integrable if XiXj = XjXi
for all 1 ≤ i, j ≤ n. Then, similarly to the classical case, we say that a quantum seed Σ is completely integrable if
Σ and all its mutations are integrable.
Theorem 1.4. Every integrable principal quantum seed is completely integrable.
By Lemma 2.6 any (quantum or classical) seed can be converted into a principal integrable one merely by
duplicating the ambient (quantum) torus as in [3, Section 3].
A generalized quantum integrable system is a pair (U , ι) where U is a k-algebra of Gelfand-Kirillov dimension 2n
and ι : k[x1, . . . , xn] →֒ U is an embedding of algebras such that ι(k[x1, . . . , xn]) is a maximal commutative subalge-
bra of U . This defines a quantum analogue of Lagrangian fibration, whose quantum Lagrange fiber over a maximal
ideal m of k[x1, . . . , xn] is the left U-module Uι,m := U/U · ι(m). Then the (quantum) intersection of Uι,m and Uι′,m′
is the left U-module U/U · (ι(m) + ι′(m′)).
Following [2], given a field k containing Q(q
1
2 ) and a quantum seed Σ = (X, B˜), we denote by U = U(Σ) its upper
quantum cluster algebra (see Section 2 for the details).
Corollary 1.5. For any quantum seed Σ′ = (Y, B˜′) mutation equivalent to a given principal integrable quantum
seed Σ, the natural inclusion ι : k[Y1, . . . , Yn] →֒ U(Σ
′) = U defines a generalized quantum integrable system (U , ι).
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2. Notation and proofs
We will only prove quantum results since their classical counterparts follow by specializing q to 1.
Let Λ ∈ Matm×m(Z) be compatible with B˜ in the sense of (1.1) where D ∈Matn×n(Z) and has positive diagonal
entries. Following [2], we associate with the pair (Λ, B˜) a quantum seed Σ = (X, B˜), X = (X1, . . . , Xm) ∈ (F
×)m
where F is a skew field, such that the subalgebra LX of F generated by X over some central subfield k of F
containing Q(q
1
2 ) has presentation
XiXj = q
λijXjXi, 1 ≤ i < j ≤ m.
Given 1 ≤ j ≤ n, we define µj(Σ) = (X
′, µj(B˜)) where µj(B˜) is the Fomin-Zelevinsky mutation of B˜ from [4] and
X′ is obtained from X by replacing Xj with
(2.1) X ′j = X
[bj]+−ej +X [−bj ]+−ej ,
where bj is the jth column of B˜, for each a = (a1, . . . , am) ∈ Z
m we set [a]+ = (max(0, a1), . . . ,max(0, am)),
Xa = q
1
2
∑
1≤i<j≤m λjiaiajXa11 · · ·X
am
m
and {ei}1≤i≤m is the standard basis of Z
m. After [2, Section 2], µj(Σ) is also a quantum seed and we refer to it as
the jth mutation of Σ. A quantum seed Σ′ is mutation equivalent to Σ if it can be obtained from Σ by a sequence
of mutations.
Following [7], we say that an m × n-matrix B˜ is sign-coherent if for every 1 ≤ j ≤ n there exists ǫj ∈ {−1, 1}
such that ǫjbij ≥ 0 for all n+1 ≤ i ≤ m. We say that B˜ is totally sign-coherent if all matrices mutation equivalent
to B˜ are sign-coherent.
Proposition 2.1. Suppose Λ ∈ Matm×m(Z) and B˜ ∈ Matm×n(Z) are compatible, B˜ is totally sign-coherent and
the corresponding quantum seed Σ is integrable. Then Σ is completely integrable.
Proof. We need the following
Lemma 2.2. Suppose that Σ = (X, B˜) is integrable and B˜ is sign-coherent. Then µj(Σ), 1 ≤ j ≤ n, is integrable.
Proof. Since B˜ is sign-coherent, either XjX
[bj]+−ej or XjX
[−bj]+−ej is contained in k[X1, . . . , Xn]. Since for ev-
ery 1 ≤ i 6= j ≤ n we have XiX
[bj]+−ej = qijX
[bj]+−ejXi and XiX
[−bj]+−ej = qijX
[−bj ]+−ejXi for some qij ∈ k
×,
it follows that qij = 1. Then by (2.1) we have XiX
′
j = X
′
jXi for all 1 ≤ i 6= j ≤ n. 
We complete the proof by induction on the number of mutations applied to the initial seed Σ. If Σ′ =
µj1 · · ·µjk(Σ) = µj1(Σ
′′) where Σ′′ = (X′′, B˜′′) = µj2 · · ·µjk(Σ) is integrable by the induction hypothesis and
B˜′′ is sign-coherent by assumption on B˜. It remains to apply the Lemma. 
Proof of Theorem 1.4. Recall from [5, Remark 3.2] that B˜ is called principal if B˜ =
(
B
In
)
where B ∈ Matn×n(Z)
and DB is skew symmetric for some D ∈ Matn×n(Z) diagonal with positive diagonal entries. The following result
was initially conjectured in [5, Conjecture 5.4 and Proposition 5.6(iii)] (see also [7, (1.8)]).
Lemma 2.3 ([6, Corollary 5.5]). Any principal B˜ is totally sign-coherent.
Theorem 1.4 is immediate from Proposition 2.1 and the above Lemma. 
Proof of Corollary 1.5. We need the following obvious classification of (quantum) integrable seeds with m = 2n.
Lemma 2.4. Let
(2.2) Λ =
(
0 Λ1
−ΛT1 Λ2
)
, B˜ =
(
B
C
)
with B,C,Λ1,Λ2 ∈ Matn×n(Q) and Λ
T
2 = −Λ2. Then (1.1) holds for some invertible diagonal D ∈ Matn×n(Q) if
and only if
detC 6= 0, (DB)T = −DB, Λ1 = −DC
−1, Λ2 = −(C
−1)TDBC−1.
Furthermore, following [2], to each quantum seed Σ one associates the quantum upper cluster algebra U(Σ) =⋂
1≤i≤n Ui where Ui is the subalgebra of LX generated byX andX
′
i. As shown in [2, Theorem 5.1], U(Σ) = U(µj(Σ))
for all 1 ≤ j ≤ n. We need the following Lemma.
Lemma 2.5. Let Σ = (X, B˜) be a quantum integrable seed with m = 2n. Then
(a) k[X±11 , . . . , X
±1
n ] is a maximal commutative subalgebra of LX;
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(b) k[X1, . . . , Xn] is a maximal commutative subalgebra of U(Σ).
Proof. To prove (a) note that for each 1 ≤ i ≤ n the centralizer Ci of Xi in LX is the k-linear span of {X
a :∑
1≤j≤m λijaj = 0}. Since Λ is as in (2.2) with det Λ1 6= 0,
⋂
1≤i≤n Ci is spanned by all monomials X
a with aj = 0,
j > n. This implies that k[X±11 , . . . , X
±1
n ] is a maximal commutative subalgebra of LX.
To prove (b), denote U ′i = Ui ∩ k[X
±1
1 , . . . , X
±1
n ]. It is easy to see that U
′
i = k[X
±1
1 , . . . , Xi, . . . , X
±1
n ]. Since
U ∩ k[X±11 , . . . , X
±1
n ] =
⋂
1≤i≤n U
′
i = k[X1, . . . , Xn], part (b) is now immediate from part (a). 
The Corollary 1.5 is now immediate because each quantum seed mutation equivalent to a given principal integrable
one is automatically integrable by Theorem 1.4. 
We conclude by showing that every (quantum) seed can be converted into a principal completely integrable one.
Recall that in [3, Section 3] to every seed Σ = (X, B˜) in LX one associates a seed Σ
• = (X•, B˜•) in the duplicated
quantum torus L
(2)
X
=
⊕
e,e′∈Zm kX
(e,e′) with Λ(2) =
(
Λ 0
0 −Λ
)
, as follows
X•i = X
(ei,ei), X•i+n = X
(b>n
i
,−b
≤n
i
), 1 ≤ i ≤ n, B˜• =
(
B
In
)
where we abbreviate a>n =
∑
n<i≤m aei, a
≤n =
∑
1≤i≤n aiei for a = (a1, . . . , am) ∈ Z
m. By definition, LX
identifies with a subalgebra of L
(2)
X
via Xe 7→ X(e,0), e ∈ Zm. Then L
(2)
X
= LX · CX and hence U(Σ) · CX =
U(Σ•) ·CX as subalgebras of L
(2)
X
, where CX is the subalgebra of L
(2)
X
generated by the X(ei,0), n < i ≤ m and by
the X(0,ej), 1 ≤ j ≤ m.
The following is immediate from [3, (3.19)–(3.22) and Lemma 3.4].
Lemma 2.6. The seed Σ• is principal and integrable, hence completely integrable.
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